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ON LINEAR TOPOLOGICAL PROPERTIES OF
H' ON SPACES OF HOMOGENEOUS TYPE

PAUL F. X. MULLER

ABSTRACT. Let (X,d,u) be a space of homogeneous type. Let B = {x €
X:u{x} = 0}, then u(B) > 0 implies that H'(X,d,u) contains a comple-
mented copy of H!(d). This applies to Hardy spaces H!(9Q,d, w) associated
to weak solutions of uniformly elliptic operators in divergence form. Under
smoothness assumptions of the coefficients of the elliptic operators, we obtain
that H'(0Q,d,w) is isomorphic to H'(d).

INTRODUCTION

The motivation for this work was the investigation of linear topological prop-
erties of Hardy spaces H : (0Q,d, w) associated to weak solutions of uniformly
elliptic operators in divergence form

n

0 ou
Lu= Z W(a”f(x)a_xj(xO =0

ij=1""1

where a; j(x) are bounded real measurable functions on a Lipschitz domain Q
(cf. [J-K, F-J-K, C-F-M-S]).

In particular we are interested in the question whether these Hardy spaces
are isomorphic to the dyadic H' (d) space (cf. [Ma]).

As usual one breaks up this problem into two:

Problem A. Does H l(6Q,a’ ,w) contain a complemented copy of H l(5) ?
Problem B. Does H' (6) contain a complemented copy of H'(8Q,d, w)?

By Pelczynski’s decomposition method, a positive solution to 4 and B im-
plies that H'(Q,d, ) is isomorphic to H'(d) .

The positive solution to Problem A is obtained as a Corollary to our Theorem
1.4. Theorem 1.4 applies also to Hall(Sn) (cf. [W]). Hence it gives Wojtaszczyk’s
result that H '(6 ) is isomorphic to a complemented subspace of Ha't(Sn) with-
out using Alexandrov’s result on inner functions in B, .
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464 P. F. X. MULLER

(For n = 1 the above-mentioned result is due to Maurey. There E. M. Stein’s
multiplier theorem for H l(D) functions is used in an essential way (cf. [Ma,
§2].)

The solution of Problem B is obtained in the following way. First we show
that H' (0Q,d,w) is isomorphic to a certain space H ;mb(Q , ) of continuous
martingales.

Then, by Lemma 2.16 and Proposition 2.13, the probabilistic methods of
Maurey (cf. [Ma, §§3 and 4]) (see also Wolniewicz [W]) allows us to show that

H;mb(Q ,w) is isomorphic to a complemented subspace of H '(6 ).

Acknowledgement. Tt is my pleasure to thank Tomasz Wolniewicz for introduc-
ing me to his work [W] and the ideas behind it.

1

Definition 1.1. Let (X ,d,u) be a space of homogeneous type [C-W, p. 587].
A function a € L'(X,u) is an atom for (X,d,pu) if fadu =0 and if there
exists a ball I C X such that suppa C I and ||a|| < 1/u(]).

Remark. For any homogeneous space (X ,d,u) there exists a quasimetric m
on X x X, equivalent to d, such that (X,d,u) is a normal homogeneous
space of order a, and such that the atoms for (X,d,u) are the same as for
(X ,m,u). More precisely, there exists C > 0 such that each a € L' (X,u) is
an atom for (X ,d,u) iff C-a is an atom for (X, m,u) (cf. [M-S-2, pp. 272,
273]). Normal homogeneous spaces of order « are studied in detail in [M-S-1,
M-S-2]. From now on we will work with (X, m,u),

Definition 1.2a. Fix f € LZ(X ,u). Let
WA g x om o= inf{z |4,]: there exists a sequence of atoms q,
for (X, m,u) such that f = Zliai}.

If no such sequence exists, we let || f]| H( =o0o0. Then

X .mp)

H'(X,m, )= {f € L' X, 1): s x mpy < 0}

Remark. Hl(X,d,,u) and Hl(X ,m,u) are identical (cf. [M-S-2]).

Definition 1.2b. Let ¢ be a function on X ;let f bein Ll(X,u). Leta=9.
Then

L(¢,a,m):= sup{M:x,yeX} ,

m(x,y)"

f.(x) := supp {%/Xf(yw(y)dﬂ(y):s >0, and

supp C B(x,s), L(.a.m) <5 ||ll., < 1}
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where B(x,s)={ye X,m(x,y) <s}.
[T (x) = sup|f,(x)|.
s>0
The main result in [M-S-2] gives

Theorem 1.3. There exists C > 0 such that for every f € L'(X ,lt) we have

1 *
Wm0 <1 sy < U -

For later purposes we single out a special subset of X namely: B = {x €

X:pu({x}) =0}.
The result to be proved in this section is as follows:

Theorem 1.4. If u(B) > 0 then H l(X ,m, 1) contains a complemented subspace
Y which is isomorphic to the dyadic H'(5).

Example 1.5. Let u be the counting measure on Z, m(x,y) =|x—-z|, x,y €
Z. Then (Z,m,u) is a normal homogeneous space of order 1 which does not
satisfy u(B) > 0.

Examples which satisfy u(B) > 0 will be discussed in §2.

Remark. Our strategy is as follows: We want to construct a system of functions
f,i: X — R, which is equivalent to the Haar system in H ! (d). Then, exploiting
the fact that f,; can be chosen (almost) biorthogonal, we will use the orthogonal
projection to show that span{f, } is isomorphic to a complemented subspace
of H'(X,m,u).

We use the assumption u(B) > 0 to show that in X there exists a “fat”
collection & of balls, which behave (practically) like a subcollection of dyadic
intervals. Inside each ball in & we will find two collections of disjoint balls,
& ,& (€ %) which cover two disjoint sets of (almost) the same measure
(Lemma 1.9). Moreover for each ball K ¢ & we will find a function a,
which serves as a good substitute for the characteristic function of K. (a; can
be written as the sum of functions with a known Lipschitz constant (Lemma
1.12)).

Lemmas 1.9 and 1.12 allow us to define functions g,, g, such that g, — g,
behaves like a Haar function (Lemma 1.13). A crucial consequence of our
construction is that |g, —g,| and (g, —g,)" have (essentially) the same support.

Lemma 1.6. Let (X, m,u) be a homogeneous space. Let B = {x € X: u({x}) =
0}. If u(B) > 0 then there exists a family & of balls in X such that:

(6a) I,J €%, INJ #D implies IcJ or JCI.

(6b) I c J implies u(I) < u(J)/2.

(6c) u({t € X: t lies in infinitely many 1 € £}) > 0.
Proof. First we observe that B coincides with N, .5 B(x,2”"). Suppose

not, then there exists a sequence {x, } € B such that limx, =x and x ¢ B.
That means u({x}) > 0. In particular x, # x for all x,. On the other hand,
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by [M-S-1, Theorem 1] there exists r_ > 0 such that B(x,r )\ {x} = @—a
contradiction. The construction of & w1ll be a consequence of the following:

Sublemma. For each ball I C X and n > 0 there exists a finite collection
& = {C,} of pairwise disjoint balls such that

() C,cl, u(C)<u)2

(b) w((BNI)\UC,)) < 2nu(BNI).
Proof of the Sublemma. Fix % > ¢ >0 depending on n and X .
Step 0. For x e INB, we have 0 = u({x}) = limu(B(x,2”")). Hence for each

X € INB there exists a ball B, C I with center x such that u(B ) < u(I)/2.
Let & :={B.:xelInB}. & isan open coveringof INB.

By the Vitali Wiener covering lemma [C-W, p. 623] there exists K, depend-
ing only on (X,m,u), and a pairwise disjoint sequence 2, ={D,,} of balls
in & such that

\J&4-K)D,>BNI.
Here (4-K)D, denotes the ball with the same center as D, but with radius
4K times bigger than that of D, . This implies

S (D) > =g S H((4K) - (D,)) 2 —ggu(B 1)
n=1

Here C denotes the doubling constant of the homogeneous space (X ,m,u).
Finally we choose n, €.#" such that

Zu( S MBI,

Next we choose C, C Dn, balls of a slightly smaller radius such that
u(D,\C,) < 5u(D,). In particular
— €
WC,N\C) < 5-u(D,).

Pseee ’Cn| are the first n, elements of % .

To prepare our next step, we let E, :={xe Bnl:x ¢ JC,}, E, ={xe
BnIl:x ¢ UC,}. First u(E,\ E,) < u(InB). Second

u(E) < p(E) < uINB) =Y u(C,)

u(INB) - ( —‘)Z/‘

5;1(103)(1 - (1 _%>2CL4K>

Step 1. For x € E,, there exists a ball B, C E,, x € B, , such that
u(B,) <u(l)/2. Thls 1mp11es in particular that B . N( UC )=¢. Let

& ={B:x€E, B, CE, ,uB,)<ul)/2}.

C
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& 1is an open covering of E, . Repeating the argument of Step 0 we obtain a
collection I, = {D,ll} of pairwise disjoint balls such that for n, large enough:

na 1 l
gu(Dn) > u(E,)ZCW-

Next choose C,: C D,‘l such that u(D,ll \ C,:) < s,u(D,',). Then C, , = C} ,
J < n, are the next n, elements of % . Again for

ny - nz
E,:= {erl:x¢Ufj}, E,:= {XGE1:X¢UCJ}
n n

we have
W(E,\ E,)) < eu(E)),
~ 1
W(Ey) < w(Ey < g (1-(1- =1 )
After Step p we have constructed pairwise disjoint balls C,, ..., Cn. oty 2
and sets E, ... ,E, E,.. ,EPH such that for 1 < j <p

() E;cE,_ cE_,,
(2) W(E;\E)) <eu(E)),

(3) w(E)) < p(BNI)(1-1/4C*Y

4) UNB)\ULT ™™ C, = (E\E))U---U(E,\E)) UE,.
((3) follows from the assumption 0 < & < 1.)

Let 6 = 1/4C* . Then (1) and (4) imply that

ny+--+n; J ) )

u((lnB)\ U c,) < (Zs(l -0 '+ —5)“');¢(1n3).
i=1 i=1

Finally, we put ¢ = 7 - ‘% and for p big enough the result follows. Here ends

the proof of the sublemma.

Now we proceed as follows: Choose a ball I such that u(BnI) > 0 and put
G, = {I}. Suppose we have already constructed G,, ..., G‘,_l , then we first
choose ¢, >0, J € Gp_l such that } ¢, < 4% Fix J e G,_, and apply the
sublemma to ¢, and (J N B). We denote the resulting family by G,(J) and

put Gp = UJGGp—z G,(J). Moreover, we have

w(BNG,_|\G,)<uBnhH4".
Finally & = U,, Gp satisfies (6a), (6b), and (6¢).
Notation 1.7. Let EC X, & C %, I € Z be given. Then we denote

En&={Je&JCE}, &=/,
Jeg
d(&) = {t € X:t lies in infinitely many K € &}.
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Later, we reserve the letter ¢ for d(%).

G(I)={JCI:J €%, J maximal}, G,()= |J G,().
JEG,—(I)

For each I we have G,(I) > G, (I) and onI=NG,(I). Wesay that ] € &
lies below & iff

(a) Ic&™,

(b) for each J € & with JNI#0 wehave JDI,

(c) if I' € & satisfies (a), (b) and I'NI # @ then I' C 1.
Forsets F,G C X we let

m(F,G) :=inf{m(x,y):x € F,y € G}.

Lemma 1.8. Let K be a ball in (X ,m,u), ¢>0. Let 1 (C K) be a ball in X
with center X, and radius r. Then there exists a ball J C I, © > 0 such that
u(I\J)<e and m(J,KnCI) > 7.

Proof. First by inner regularity there exists s < r such that
lu(J(xy,5)) — u)| <e.
Nextfix z, € J, z, € KnlI. We have m(x,,z,) =s—6 and m(x,,z,) = r+n
for some positive 1,8 . Then, invoking that X is of order o :
(diam]()l_am(zl ,2y)" > m(z,,xy) — m(z,, %)
=ls=d—-(r+n)|>|s—r|
Hence 7:= (|s — r|/ diam K' ™)'/ is the right choice.

Lemma 1.9. Let K be a ball in X with w(KNa)#0. For ¢ >0 there exist
7 > 0, finite collections of pairwise disjoint balls gj C Z such that

(92) mE &) >,
(9b) m(&' LK) > 1,
(9¢) WE UE) > (1-e)u(Kno),
(9d) (&) — u(&)| < en(K no).

Proof. By Lebesgue’s theorem on differentiation, there exists / ;€ ZNK, pair-
wise disjoint such that

ul;Na)
u(l;)

Let .# be a finite subcollection of {Ij} such that u(#") > (1-&)u(U Ij). Fix
I € 7 . For large n there exist finite disjoint 2, (I), Z,(I) C G,(I) such that

lu(@] (D) - pInao)y| <eud),  je{l1,2}.

> (1-¢), ,u(Ulj\Km7> <e.
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Next choose K € Z,(I). There exists a ball K' ¢ K with m(K',0K) > 0,

u(K \ K') < eu(K). Next we choose n' € N large enough and obtain for

K'n G, = &(K), the following estimate, WK Nne) — u(&*(K))| < eu(K).
Finally, we put

g=U U ¢xw &= U €w.
()

1e5 KeZ, 15 Key(I)
Taking into account that .7, Qj(l ) are finite families, we are done.

Remark. We know now how to construct a “tree of sets” in X and we wish
to associate “Haar functions” to this tree. The most obvious choice would be
to take consecutive differences of characteristic functions as “Haar functions”
(cf. [Mi, §2]). However, for technical reasons, we have to introduce certain
approximations of characteristic functions. This approximation procedure is
explained in Lemmas 1.12 and 1.13.

Definition 1.10. Let 7 be a ball in X with radius r and center x;. Then 5
is defined as follows:

u()
xX) = g(x)—"-
fi(x) = & )fg(x)du
where
1 if m(x,x)) <5,
g(x) =4 22X §f £ <m(x,x,) <,
0 if m(X,x)) >r

Remark 1.11. There exist C > 0 and n > 1 such that for each I

il < C u{x € I, < §3) < nu(), / () du = u(l).

Moreover, we have the following: x,y € I implies

1) = /)] < z(’"—";ﬂ) .
Indeed,
1£,(3) = £,0)] € 2l(m(x ,xp) = m(y, x,))]

<2m(x,p)"r' Tt < 2(@) :

Lemma 1.12. For ¢ >0, K € &, there exist m; < my, e N, X C G, (K)u
UG, (K) such that for o, =3 {f;:1 €%} we have

(12a) p{x € K:ay(x) < i}no) <eu(Kno),

(12b) ;t(KﬂO’)=/aKdﬂ,
(12¢) llagll, <3-C.
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Proof.
Step 0. Choose n, € N such that u(G, (K)\ o) < . Put

&(X) =) _{f,(x):Le G, (K)}.
Taking into account that L,L’ € G, (K) implies LNL = & we see that
1({gy <3}no)<nuKno).
Step 1. E;:={g, < 3} NK . Next choose n, > n, such that
(G, (E)\ o) < /4%,
g =) {f;:L€G, (E)},
E ={xegyx)+g(x)<3i}nkK
and again
uE no)<u({xeE;g <3}no)
< nu(Eyno) < n°w(K no).
Step k. Choose n, > n, , such that
G, (E,_ )\ o) <e/d..

Let g, =3 {/;:L€G, (E,_))}. Next, let E, = {x:(g,+ --+&)(x) < $}nK.
Then,
.U(Ek No)<u({xe E,_,g < %} No)

k+1

<nuwE,._,Nno)<n  ulKna).

Let k € N be big enough and put f = Ef:o g - Then
X
ag(x):= ”ﬁcﬁﬂ(lfﬂa)
is the right choice.

Lemma 1.13. For I € &, ¢ > 0, there exists 1, > 0, I € N such that for
I > 1 there exist collections of balls 8’} c Up, G (I), j€{0,1}, positive real
numbers ¢, , K € g, with 1 < ¢, < C such that for g = YA{fiex:K € Zj}
the following holds:

(13a) wE UE) 2 (1-euna),
(13b) mE &) > 1,

(13c) mé& 0>, je{0,1},
(13d) |/%~/éjswux
(13e) r({lg, + gl <3tno)<uno)e,

(13f) llgllw<C, Jje{0,1}
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Proof. First apply Lemma 1.9 to obtain finite collections of pairwise disjoint
balls Z,,2, c £ and which satisfy (9a), (9b), (9¢), (9d). Next fix / € N, such

that J€Z,, K€ Gy, INK#@,imply JOK.To [>1, K€ P NG, and
¢ >0 we apply Lemma 1.12 to obtain a,(x). Summing up we obtain

=Y {q(x):K€eZ; NG}

which satisfies (13d), (13e), (13f). é’j = Qj N G, satisfies (13a), (13b), (13c).
Suppose f can be written as a sum of functions like (g, — g,). Then the
behavior of its maximal function f* can easily be analyzed.

Lemma 1.14. Let {I,} be a sequence of pairwise disjoint balls with center {x,}.
Let {f;} be a sequence of continuous functions such that |f,| < C-x,;, and

l/z,f"d” < g;u(l)).

Then for f =3} f, we have the following estimate

(f),(x) < /‘(Ul ) sup{(diam /; ) 1:m(Ij,x) < 2r}

+ <Z 8,.> -sup{u(l;) - rt m(I;,x)2r}.

Proof. To estimate (f), (x) we choose ¢ such that supp¢ C B(x,r),
L(¢,a,m)<r , |19ll, < 1. Then

/f¢<Z/f¢¢ /f¢>

< Z diam(J ) T -/l(Ij)-C
{j:m(l; x)<2r}

+ (Zei> . sup{u(Ij):m(Ij ,X) < 2r}.

Remark. (a) Let m(x, UI )=1>0. Let f beasabove, and assume u(|J Ij) <
1. Then sup; u(l )< J, and r > r, implies

1 6
(N),(x) < (1+Zsj>-max{;.-;;,a}.
(b) r< % implies (f),(x)=0.

Lemma 1.15. Let & be a family of balls in X which satisfies (6a)-(6¢) of Lemma
1.6. Then there exists C € R* such that for any sequence ¢, >0 there exist:
(i) finite collections of balls {&€,,}, neN, 0<i<2"—1.
(ii) real numbers ¢, eR*, K € & with ¢, < c, such that for

= Z{CKfK Ke&  ,}- Z{CKfK Keé& ,  ,.}
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the following holds:
(15.1) Jy.i is supported on a subset of €.;  ||f, ||, < C
(15.2) r({lf,l < 33no) <u(&;no)-¢,

(a) foreach r >0, x ¢ é" | implies (f, )( )_ €,
(15.3) (b) there exists t, | 0 such thatfor ryi= 1 =t, ,/2,

and x € X the following holds: (f, (x) < en for r>r,,
var{f, (»):y € B(x,0)} <e¢,, t<t,.

(15.4) ‘/fm‘ifn‘j < min{e,,¢,}.
(15.5) (a) 27 /C<,ué’)<2 "C,

. (b)g;rhugﬂ 2i+1 Cg;t.l andgj,',ngn’j—gfori;éj.
(15.6) Le& ,Ke& .,LcCK impliesm<n.

n,i’ m,j>

(15.7) Leé&, jandm<n, implies u(LNE, ) <pu(L)-27"-2".C.
Proof.
Step 0. Choose I € & with u([na(?)) > u(l)/2 and u(I ) <1, r =1,

Then for ¢, > 0 there exists ro >0, /' € N such that for / > [ there exist
(1) finite collections of balls

& ,I.hclyG ., je{o,1}.
k=

(ii) real numbers ¢, e R", K € & S(I,1) with ¢, < ¢ such that for

g (=) (e Ke& (.0}, je{0,1},
the following holds:

(a) W& ILDUE (1,D) > (1 -e)ud No),
(b) m& (1), & (1,0)>1,,

(c) m(& ,(1,0),00) > 7,

(d) e, ,( M, <C,

(e) ’ [&100- [ &,00] <),

(f) 1{g o +g ()< 3}na)<u(Ino)-e,

Finally, we choose /) € N such that

2—/04! 1 2—/0
( )— NERPY,
"0 "0 rO
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and let
Joo=2810l) — & ), & ;=& ;U.L), je{0,1}.
For ﬁ),o there exists #, > 0 such that for t <¢;,, x€ X:
var{f, o(¥),y € B(x,1)} <¢,.
Stepn. Wearegiven & ., 1, >0,¢ >0and r :=¢_ /2.

Fix J € ¥ below & .. By Lemma 1.13 there exist 7(J) > 0 and /e N such

that for / >/ we find:

(i) finite collections of balls &, ,, .

(ii) real numbers ¢, €R", K €&, ,..

g(J,0)= Z{fKCK Keé&, ., (.0}

(J,1) contained in U;2, G, (J).
(J,1) such that for

and
Aj =8 n+l 2l+j(J l)
the following holds:
(a) uAgud)) > (1-¢)u(lna),
(b) m(4,,4,) > t(J),
(© m(4;,00)) > (),
(d) llg,(J. Dl < C
(©) |[at0-[ glu,l)}Se uJ),
(f) r({g,(J,1)+ & (J,) < 3}na) < gu(J Noa).
Finally, we choose /(J) such that
max{2” Ia r"—ml ’2—1(.1 (J)—a+l =) 2(J)} < e,.

We execute this construction for every J below Zn I Then we put
1, =min{t(J):J below & .}, [ =max{/(J):J below &, }.
We let
= {g/.1, ((J,1,):J below &, },
CARPINE U{ n+l 2!+_[(J [,):J below & }.

One should remark that the first component in max( , ) which defines /(J) is
needed to ensure (15.3)(b), whereas the second and third component take care
of (15.3)(a). We will use them to obtain the majorization

[ supth, du<c| ¥ ayhy,

H!(9) .
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Finally, we choose ¢, <, , such that for x € X
var{f, ;(v):y € B(x,10)} <¢,, tet,.

Verification of (15.1)-(15.7): Except for point (3) everything is clear: Fix
Jn i+ Let {I,} denote the balls in & which are & ;;then f, ; has the following
representation: fn,[ =) f, where f, is supported on a subset of I i and

m(supp £, ,0I) > 7, , /fk =egul), Iflle <C

Hence x ¢ &, implies m(x,/,) > 7,. By Lemma 1.14 we have
(f,.0,(x)=0 forr<rt, /2, (fy.),(x)<e, forr>7t /2.

(This follows from our choice of / in Step n.) 3(a) is thus verified. 3(b)
follows again by the choice of /, and the estimates in Lemma 1.14.

Proposition 1.16. Let {&,, } and {f, ;} satisfy conditions (15.1) to (15.7) of
Lemma 1.15. Then span{f, .} in H Y(X) is isomorphic to a complemented
subspace Y of H'(X), where Y is isomorphic to H 1((5)

Proof. Given a finite linear combination f =} a, .f, j we have to show that
there exists C > 0 such that
1
?Hzam,/‘hm,j 5||f||H.(X)§C“Zam,jhm,,, :
HY(3) HY(8)

We start with the right-hand inequality.
Case 1. x ¢ U,U,&,; then by (15.3)(a) for each r >0,

| m(f),(x) < (ZZ”’&M) sup|a, |.

Case 2. x € U,U,;&,;. There exists (m,j) such that x € é’(m g x¢

N,U&,. then there exists a minimal dyadic interval (m,,j,) such that x €

g(mo,jo) . Fix r >0, and choose n € N such that r,  <r <r, . Then by (15.3)
max(n ,mgp)
m *
(f),(X)S Z am,jfm,j (x)+ (Zsmz )sup|am,j|.xgbo
m=1 m

if xe,U&,;. Then we simply get

n
x) < Zam‘jfm‘j (x) + <Zsm2m) suplam,jlxé’(’;)
m=1 m

The left-hand inequality sup,(f),(x) > sup, sup,"<l<,"(f)r(x) by (15.3)(b) this
expression is bigger than

Zamj rnjx)

(Zs 2 ) sup |a,, | x&y(x).

sup
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Hence we obtain the minorization: (using (15.2), (15.5)(a), (15.5)(b))

/sup(f Zamjmj ( ZsZ)

It remains to check that span{ fn,i} is 1somorphlc to a complemented subspace
of H l(X ). We do this by verifying the following
Claim 17.

g:BMO(6) — BMO(X)
h, i - fn J
is bounded.

Proof of Claim 17. Fix {a,; } € R and let f = }"a, ,f, ;. By construction,
this sum may be written as f b (fy - ck) where cK is given by Lemma
1.13. Let &:=U¢&, ;. For K€ & welet &(K)=(n,i) iff K€ &, ;. Hence
b, equals ag( K- le aball I C X and let
E, :={K € &:diam(K) > diam(]) and K N[ # &},

E,:={K € &:diam(K) < diam(/) and KNI # 3}.
Let .# denote the maximal subsets of E,. It is clear that u(.#") < C - u(I)
and E,=&nJS *. For ke N, we also introduce:

E\ :={L € E,:diam(I)2" < diam(L) < diam(I)2**"}.

Independent of k, the cardinality of E{‘ is bounded by a constant only de-
pending on X (cf. [C-W, p. 624]. This uses also that £ c & and the fact that
X is normal).

Finally, we let

./}=Z{bl((fk'c]<):K€Ej}; j€{1,2},

and let x, be the center of I, x € I. Now we estimate (using Remark 1.10)

1£106) = fi(x) € D exlbgel 1 (%) = fie (%)

KE€eE,

<c. Z Z | Kl(m(x » Xp) )a

© Kem diam(I)2*
< C,sup|by| = C, supja,].
Hence

1/2
(7 [ he = fi?dn) < B, supiby .

Next we consider f,:

(fiser) U (BB )"

Le s KCL
1/2
<Z / ( fmJ“mJ) ) : (Z /fg(L)ag(L))l/z.

Les {(m j):(m .I )CE(L)} Les
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This inequality holds by 15.6

( Z E /fm Jam 1)1/22

Les {(m,j):(m,j)C&(L

(X T uwnz e J)”zz.

LeS {(m,j):(m,j)C&(L)}

Let &(L) = (n,,i,). Then this last expression may be estimated using 15.7)
by

—Mma+ng 2 12
(Z © wmareme)
LeSF {(m,j)C(ng ,ir)}
Zam,jhm,j

*1/2
)/
Eam,jh'nJ

This proves the claim (cf. [J, Lemma 1.1]).
Consider the operators

PH'(X) = H'(X) f=Y L Sl Ifll3.
BH'(8)—H'(X) h,,—f, .

<c-ulSs

BMO(9)

< (wn'? c.

BMO(d)

By the first part of the proof, ||i||||i"'|| < C*. Note that P is bounded iff
||(i"P)*||BM0(X) is bounded. But (i_]P)* coincides with j. Hence ||P|| <
1Jll - € 2. Unfortunately P is not idempotent. On the other hand by 15.4 for
f € H'(X) the following holds

IPPf - Pfl| <Y min{e,,e,}-2" - 2"/l
m#n
By a standard perturbation argument, this is enough to conclude that i(H : (8))

is isomorphic to a complemented subspace of H ! (X), provided &, are chosen
small enough.

2

Here we describe a class of Hardy spaces to which Theorem 1.4 applies. Our
description will be rather brief and the reader is assumed to be familiar with
the references [P, J-K, C-F-M-S, and Ma (or W)]. We let Q C R” be a bounded
Lipschitz domain, star-shaped with respect to 0. Let

Lz(ai)

i,)=1
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be a uniformly elliptic operator with bounded real measurable coefficients (i.e.
there exists A € R such that for x eR” and y € Q

n
%lxl2 < Z a;;(y)x;x; < A|x|2.
ij=1
A function u in Q is called L-harmonic iff u is a weak solution of Lu =0.
The general reference to elliptic operators in divergence form is [G-T, Chapter
8] and [C-F-M-S]). We let " denote L-harmonic measure for Q evaluated at
x€Q. (w® will be denoted by )

For y € 8Q, A > 0, B(y,r) = {z € R":|y—z| < r} and A(y,r) =
B(y,r)ndQ. In [C-F-M-S] it was established that L-harmonic measure on a
Lipschitz domain  together with Euclidean metric on 9Q form a space of
homogeneous type. More precisely they proved

Theorem 2.1. There exists n € R" such that for all y € 8Q, r >0 we have
w(A(y,r)) > nw(A(y, 2r)).
We may thus define the atomic Hardy space H ! (0Q,d,w) asin §l.

Theorem 2.2. The atomic Hardy space H ! (0Q,d,w) contains a complemented
copy of dyadic H '(6).

Proof. We wish to apply Theorem 1.4. It is enough to check that for each
x € 02 w({x}) = 0. Suppose to the contrary that there exists x, € 9Q with
w({x,}) > 0. Now one constructs y, € 9Q, r, € R" such that for m # n,
Aly,,r,)NA®W,,,r,) =0 and x, € A(y,,2r,). By the doubling property there
exists 7 > 0 such that for each n we have w(A(y,,r,)) > nw({x,}) which
contradicts the fact that  is a finite measure.

We now turn to the converse questions:

Is H' (6Q,d ,w) isomorphic to a complemented subspace of dyadic H ! (6)?
To answer this question I was forced to search for different representations (or
descriptions) of H ! (6Q,d,w). It will be shown here that (under continuity as-
sumptions of ((8/8x)a,;(x))), Hl(é)Q,d ,w) can be identified with a certain
Hardy space H;rob(Q,w) associated to diffisions in Q.

Finally, the probabilistic methods of B. Maurey [Ma] which were developed
further by T. Wolniewicz [W], can be used to show that H;mb(Q, w) contains

a complemented copy of H ! (d).
The above-mentioned identification is done in two steps. We first consider

Hardy spaces associated to maximal functions. Fix Q € 0Q. Then I'(Q) =
{x € Q:|x - Q| < 2dist(x,0Q)}. We let u be defined in Q; then Nu(Q) :=
sup{u(x):x € I'(Q)}. Now we define H'(Q,w) ={w:Lu =0 and Nu €
L'(@Q,w)}. In Theorem 8.13 of [J-K], D. Jerison and C. Kenig showed in
particular that the Banach spaces H ! (Q,w) and H ! (0Q,d,w) are isomorphic.
Moreover, an explicit and natural isomorphism is given. As a consequence of
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this isomorphism the following description of the dual space of H 1(Q,w) is
obtained.

Let A=A(x,r) forsome x € 9Q, r > 0. Let f be locally integrable with
respect to @ and put

fy = L fdut).
f is said to belong to BMO(0Q, w) iff

1 2
sup@/A(f—fA) dw < 0
where sup is extended over all “balls” A C Q. Then we have

Theorem 2.3 [J-K, p. 25). There exists C > O such that for functions u,v on
0Q we have

[ ) dw < Cllllyg - 1 llaoros.-

H'(Q,0)" = BMO(OQ,w).
Hardy spaces associated to diffusions in Q. Welet (Y,,%, 5, P") be a strong
Markov process with almost sure continuous trajectories, and with infinitesimal
generator extending L. Moreover, we demand that for any regular subdomain
Q' C Q and any bounded measurable function f:0Q' — R we have

/f(Yw dp’ =/ f(z)dwy,(z)
z Q!

where 1, :=inf{r:Y, ¢ Q'}.
Finally, we assume that for each x € Q, P*{r, < oo} = 1. It is well known
that we may obtain such a Markov process provided the functions q, ; are two

times continuously differentiable (see [k, Dy, II]). Subsequently we denote p°
by P and 7, by 7. Now we are prepared to state

Definition 2.4. Let u# be a function defined on Q. Then

u' = sup lu(Y,,)l,
>0

lemb(Q,w)= {u:Q—»R:Lu:Oand /u*dP>oo}
>

and we let
Il 0.0 [P
H;mb(Q,w) will be (naturally) identified with H l(Q,a)). Again, for our

purposes any isomorphism between these two spaces would have been enough.

Theorem 2.5. There exists C > 0 such that for any L-harmonic function u the
Jfollowing holds:

1
ol 0w < llipigw) < C - llully 0w
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Remark. This theorem is an extension of a result of Burkholder, Gundy, Sil-
verstein (see [P, p. 36]). All ingredients of the proof given below are already
contained in the literature. The left-hand inequality in Theorem (2.5) may be
treated in the same manner as the right-hand inequality in [P, Theorem 4]. But
instead of elementary properties of the Poisson kernel for the unit disk, we have
to use the following result.

Theorem 2.6 ([C-F-M-S], see also [D-J-K]). There exists n > 0 such that for
each x € Q and for y, € 0Q satisfying |x — y,| = dist(x,0Q) =: s we obtain
w (A(yy,5)) > 1.

If we use Theorem 2.6 properly, the left-hand side of Theorem 2.5 may be
proved as Proposition 2 in [W] (cf. also [P, pp. 37-40]). We only have to observe

Lemma 2.7. Let A C 0Q be closed. Let B C Q be the sawtooth region above
A (see [D-J-K, p. 99]). Then for each x € Q\ B, w*(04) > & (where & is
independent of A,B or x).

Proof. Fix x € Q\ B. Let
E(x)={yeoQ:|y — x| <2dist(x,0Q)}.

E(x)NCA contains now a ball with radius comparable to dist(x,8Q) and center
Y, satisfying |x —y,| = dist(x,0Q) . Hence, by Theorem 2.6 and Theorem 2.7,
we get
w (C4) >w CanE(x))>4.

The right-hand inequality will be derived from (essentially) known results as
well. It follows from duality theorems for H l(Q, w) and H;mb(Q,w). Subse-
quently we will only indicate how proofs in [P] have to be modified to give the
desired results.

Definition 2.8a. The Greens measure of Y, with respect to Q at x:
G(x) is defined by
(&)
G A= [ [ x,0)dsdP(@).
Remark. Let u, (A4) := P{y, € A,t < 1} then G(x,4) = o n, (A)dt
(cf. [Tk, p. 140]).
Definition 2.9b. For x € Q, y € 0Q we let for n > 2

g(x,y):=e, (Ix -y - /OQ lz-y"™" dw"(Z)) :

g(x,y) is called the Greens function of Q. For n = 2, |x —ylz_" and
|z—y|*™" are substituted by log|x — y| and log|z — y|.

Remark. The connection between Greens measure and Greens function is given
by

G(x,A)=/Ag(x,y)dy-
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Next we recall some
Identites 2.10. Let u,v be L-harmonic in Q. Then for x € Q:

a0 [ (Lo, 2ot metr.y)dy
i) i i

- /a () = u(x)(0(3) = () dw' ),

(10.2) /Q(Za,jg;‘ aax >(y)g(x y)dy

) du 8v

// ( '!Bx axj

(103)  EX(u(y,) - u(v)ly,) = e, - E(

) dtdP” (&),

(v,)ds

)

Remark. (10.1) is contained in [D-J-K, identity (7)]. (10.2) is a tautology using
the connection Green measures and Green functions. (10.3) follows from (10.1),
(10.2) as explained in [P, p. 86].

We will use identity (10.3) when necessary, otherwise we will use the argu-
ment of [P] as described there on pp. 89-91, to prove the following:

;) ax 6x

%))
( du v

Lemma 2.11. Let u be a L-harmonic in Q and let

tAt(g) 1/2
@ = ([ (o orwods) .
! J
S )(E) 1= lim (S,w)(&).

Then there exists C > 0 such that
/Soo(u)dPs C/u*dp.
b3

Lemma 2.12. Let u, v be L-harmonic functions in Q with boundary values 4,
v such that u(0) =v(0) =0. Then

e ’ ov dv
/o a4(x)(x)dw < C~/S°o(u)dP-HE< (Zaijé}ja—xj)(ys)ds y,
Proof. We assume u(0) = = 0. Then by (10.1), (10.2),

g // (= Ug;%)(y,)dzdp
(e ) () o
<(L[ (Zaug—;g—;:)(y,)&_l(u)dzdp)1/2
' </2/0 (Zaij%%)(y,)s,(u)dzdp) "

1/2

(e
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Following [P] we observe that the first factor equals

[ [0 4y gp

and the second factor equals

/}:/0( ,,3,1’ 2v )( )S,(u)dtdP.

Using identity (10.3) we may treat both factors as in [P, pp. 94-95].
The argument needed for a proof of the next proposition is given by Jerison
and Kenig in [J-K, Lemma 4.14 and Lemma 9.7] and will not be repeated here:

Proposition 2.13. Let f € L'(0Q,0). Fix x€Q, f(x):= [,, f(Q)dw*(Q).
Then

sup [ 1£(0) = ) dw* (@) < 1 Mmoo

x€QJ ¢

Lemma 2.14. Let u be L-harmonic in Q with boundary values u in 8Q. Then

for t>0
(] (Sezmas, Jooa

Proof. By (10.3) we may consider

2 2
K < Cllul|gy o if foreach GC Q, t€R,

)H < Clullsyy-

1 / ) ,
e E(lu(y,) —u dP < Cllu
4G )y (lu(y,) —u)I"1y,) 14l zrr0
which holds iff
— l 2 z 2
- <
1,(G) /G </Z|u(y,) u(z)|” dp (é)) du,(z) < C||u||BM0_
This is implied by the following inequality
sup [ 1ux) — u(2)" dw’ < Cllulgo
teQ JoQ

which is true by Proposition 2.13.

Proof of Theorem 2.5 (right-hand side). Let U be a L-harmonic function in
Q. By the Duality Theorem 2.3 [J-K], there exists v, L-harmonic such that

vl parowe.w =1 and

il = [ Qe du),
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where C is independent of u. Moreover, by Lemmas 2.12 and 2.14

12
/0  uCe(x) du(x) < /Z u' (E)dP () (sup /,) (W) =)’ dw-“(x))

yEQ

< /Z W' (E)dP(E) - C

where C’ is independent of v and u. Hence there exists C € R" such that

~

HuHHI(Q’w) <C- ”u”Hl Q)"

prob

When combined with [J-K, Theorem 8.14], Theorem 2.5, asserts that any state-
ment about the isomorphic structure of H plmb(Q ,w) implies the corresponding

statement about the isomorphic structure of H'(0Q,d, w).

To apply Maurey’s probabilistic methods we still need the results about the
regularity of L-harmonic functions. These will be derived from properties of
the kernel function to be defined now.

First, it is well known that the measures w" are mutually absolutely con-
tinuous with respect to each other. Let K(x,a) denote the Radon-Nikodym

derivative of w" with respect to w at Q € 9Q (i.e. K(x,Q) = dwz(Q)/a'w.
Theorem 2.15 [C-F-M-S]. The map u:x — K(x, Q) satisfies Lu=0 in Q.

Lemma 2.16. For each u € Hl(Q,w), e >0 and r > 0, there exists 6 > 0
such that for each x € Q with dist(x,0Q) > r we get
sup |u(x) —u(y)| <eéllull g o) -
|x—y|<d

Proof. We first show that there exists ' > 0 and C > 0, (depending only on
r ) such that for each x € Q,

sup/ Ky.0) <C.
Q Jix—y|<d’

Indeed, by [J-K, Lemma 1.11], for y € Q

M
K b S T A N
)
where s = dist(y,0Q) and y, € 9Q satisfies |y -y | = s. By Theorem 2.6 and
Harnack’s inequality for positive L-harmonic functions, for each s > 0 there
exists . > 0 such that for each x € 9Q, we get w(A(z,s)) > n,. Putting

6’ = £ we obtain
2 -2, .2
sup/ K'(y,Q)dy <n, M.
QeIQ J|x—y|<d’

Now we recall that K is L-harmonic as a function of y. By Di Giorgi’s
theorem (cf. [G-T, Theorem 8.24]), which dominates the «a-Lipschitz constant
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of an L-harmonic function by its Lz-norm, we obtain C > 0 such that for
each Qe€dQ and x,y € Q

K(x,0) - K(y,Q) <1y 4lx —y[°

where a depends on r. Now choose ¢ > 0 such that nr'/ié" < ¢ and estimate

Ju(x) - u(y)| < / (K(x,0) - K(v,0)u(Q) dw(Q)

9Q

< sup |K(x,Q)—-K(y, u||, .
QGBQI (x,0) v, Ol ”L(()Q,w)

<ellully @ o)

provided |[x —y| <d.
If we now feed the probabilistic machinery of B. Maurey [Ma] (see also Wol-
niewicz) [W] with Proposition 2.13 and Lemma 2.16, we obtain immediately

Theorem 2.20. The Hardy space lerob(Q , ) Is isomorphic to a complemented
subspace dyadic H'(6).

Hence by Theorem 2.10, Theorem 1.4 and the Banach space decomposition
principle of Pelczynski we arrive at

Theorem 2.21. The Hardy spaces H l(Q,w), H ;rob

(Q,w) and Hl(ag,d,w)
are isomorphic to dyadic H' (9).
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